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We consider almost Kenmotsu manifolds (M2n+1,ϕ, ξ,η, g) with η-parallel tensor
h′ = h ◦ ϕ, 2h being the Lie derivative of the structure tensor ϕ with respect to the Reeb
vector ﬁeld ξ . We describe the Riemannian geometry of an integral submanifold of the
distribution orthogonal to ξ , characterizing the CR-integrability of the structure. Under the
additional condition ∇ξh′ = 0, the almost Kenmotsu manifold is locally a warped product.
Finally, some lightlike structures on M2n+1 are introduced and studied.
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Introduction
Manifolds known as Kenmotsu manifolds have been introduced and studied by K. Kenmotsu in 1972 [9]. They set up one
of the three classes of almost contact metric manifolds whose automorphism group attains the maximum dimension [14].
An almost contact metric manifold is a differentiable manifold M2n+1 endowed with a structure (ϕ, ξ,η, g) given by a tensor
ﬁeld ϕ of type (1,1), a vector ﬁeld ξ , a 1-form η satisfying ϕ2 = − I +η⊗ ξ , η(ξ) = 1, and a Riemannian metric g such that
g(ϕX,ϕY ) = g(X, Y )−η(X)η(Y ) for any vector ﬁelds X and Y . The fundamental 2-form Φ is deﬁned by Φ(X, Y ) = g(X,ϕY )
for any vector ﬁelds X and Y . It is well known that contact metric manifolds are almost contact metric manifolds such that
Φ = dη. If in addition the structure is normal, M2n+1 is said to be a Sasakian manifold. The normality is expressed by the
vanishing of the tensor ﬁeld N = [ϕ,ϕ] + 2dη ⊗ ξ , where [ϕ,ϕ] is the Nijenhuis torsion of ϕ . A systematic study of these
structures in contained in [2,3].
A Kenmotsu manifold can be deﬁned as a normal almost contact metric manifold such that dη = 0 and dΦ = 2η ∧ Φ .
These manifolds can be characterized through their Levi-Civita connection, by requiring (∇Xϕ)(Y ) = g(ϕX, Y )ξ −η(Y )ϕ(X),
for any vector ﬁelds X, Y . Moreover, Kenmotsu proved that such a manifold M2n+1 is locally a warped product M ′ × f N2n
of a Kähler manifold and an open interval M ′ with coordinate t , and f = cet for some positive constant c.
More recently almost contact metric manifolds such that η is closed and dΦ = 2η ∧ Φ have been studied in [12,10,6]
and [7]. Such manifolds are called almost Kenmotsu. A normal almost Kenmotsu manifold is a Kenmotsu manifold. As it will
be remarked below, one can obtain important information on the geometry of the manifold by the tensor h = 12 Lξϕ or also
by h′ = h ◦ ϕ . The aim of this paper is to study a special condition on the tensor h′ which will be deﬁned η-parallelism, in
analogy with the deﬁnition given by E. Boeckx and J.T. Cho in [5] for contact metric spaces.
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given an almost contact metric structure (ϕ, ξ,η, g) on M2n+1, one can associate an almost CR-structure (D, J ), where
D = Im(ϕ) = Ker(η) is the 2n-dimensional distribution orthogonal to ξ and J is the restriction of ϕ to D. The almost
CR-structure is integrable if and only if the tensor ﬁeld N vanishes on D. Both for contact metric manifolds and almost
Kenmotsu manifolds, CR-integrability can be characterized by g((∇Xϕ)Y , Z) = 0 for all vector ﬁelds X, Y , Z orthogonal
to ξ , that is requiring the structure tensor ϕ to be η-parallel (see [3] and Preliminaries). In [5] the authors study contact
metric manifolds for which the tensor h is η-parallel, i.e. g((∇Xh)Y , Z) = 0 for all vector ﬁelds X, Y , Z orthogonal to ξ .
Supposing h = 0, which means that the manifold is not K -contact, they prove that the tensor h is η-parallel if and only if
the characteristic vector ﬁeld ξ belongs to the (κ,μ)-nullity distribution for some constants κ and μ, that is the Riemannian
curvature satisﬁes
RXY ξ = κ
(
η(Y )X − η(X)Y )+ μ(η(Y )hX − η(X)hY ) (1)
for all vector ﬁelds X and Y . Moreover, these spaces are CR-integrable.
In [7] the authors study condition (1) for almost Kenmotsu manifolds proving that it implies h = 0 and κ = −1. Hence,
a modiﬁed condition is introduced and studied, requiring the characteristic vector ﬁeld to belong to the (κ,μ)′-nullity
distribution, that is
RXY ξ = κ
(
η(Y )X − η(X)Y )+ μ(η(Y )h′X − η(X)h′Y ) (2)
for all vector ﬁelds X and Y and for some real numbers κ and μ. Supposing h′ = 0, these spaces are CR-integrable and the
tensor h′ is η-parallel, i.e.,
g
(
(∇Xh′)Y , Z
)= 0 (3)
for all vector ﬁelds X, Y , Z orthogonal to ξ (see Lemma 4.1 in [7]).
In this paper we study almost Kenmotsu manifolds with η-parallel h′ and prove that this condition is not equivalent to
(2). Indeed, η-parallelism of h′ does not imply the CR-integrability of the structure. Taking into account the spectrum of the
operator h′ , which is of type {0, λ1,−λ1, . . . , λr,−λr}, each λi being a positive function constant along D, we prove that an
integral submanifold of D is locally the Riemannian product M0 ×Mλ1 ×M−λ1 ×· · ·×Mλr ×M−λr , where M0, Mλi and M−λi
are integral submanifolds of the distributions of the eigenvectors with eigenvalues 0, λi and −λi respectively. Moreover, M0
is an almost Kähler manifold and each Mλi × M−λi is a bi-Lagrangian Kähler manifold. The structure is CR-integrable if and
only if 0 is a simple eigenvalue or M0 is a Kähler manifold (Theorem 2).
In Section 3 we consider almost Kenmotsu manifolds such that h′ is η-parallel and satisﬁes the additional condition
∇ξh′ = 0, which holds if M2n+1 is locally symmetric [6]. In this case the eigenfunctions of h′ are constant; considering as
above integral submanifolds of the eigendistributions, the almost Kenmotsu manifold is locally the warped product M ′ × f0
M0 × f1 Mλ1 ×g1 M−λ1 × f2 · · · × fr Mλr ×gr M−λr , where M ′ is an open interval, M0 is an almost Kähler manifold, Mλi and
M−λi are ﬂat Riemannian manifolds; the warping functions are f0 = cet , f i = cie(1+λi)t and gi = c′ie(1−λi)t , with c, ci and c′i
positive constants (Theorem 3). For any i ∈ {1, . . . , r}, each integral submanifold of the distribution [ξ ] ⊕ [λi] ⊕ [−λi] is a
totally geodesic submanifold endowed with an almost Kenmotsu structure whose characteristic vector ﬁeld belongs to the
(κ,μ)′-nullity distribution, with κ = −1− λ2i and μ = −2.
Finally, in Section 4 we study almost Kenmotsu manifolds with η-parallel h′ such that the eigenvalue 0 of h′ has mul-
tiplicity > 1. Using the operator h′ , we deﬁne some degenerate symmetric tensors which determine lightlike structures on
the integral submanifolds of the distribution D and on the manifold M2n+1. In particular we establish in which cases the
lightlike manifolds are Reinhart.
1. Preliminaries
Let M2n+1 be an almost Kenmotsu manifold with structure (ϕ, ξ,η, g). Since the 1-form η is closed, the distribution D
is integrable and the integral submanifolds are almost Kähler manifolds. Moreover, Lξ η = 0 and [X, ξ ] ∈ D for any X ∈ D.
The Levi-Civita connection satisﬁes:
2g
(
(∇Xϕ)Y , Z
)= 2η(Z)g(ϕX, Y ) − 2η(Y )g(ϕX, Z) + g(N(Y , Z),ϕX) (4)
for any vector ﬁelds X, Y , Z . Then ∇ξ ϕ = 0, which implies that ∇ξ ξ = 0 and ∇ξ X ∈ D for any X ∈ D. Formula (4) also
implies that the almost Kenmotsu structure is CR-integrable if and only if the tensor ϕ is η-parallel. Indeed, taking Y , Z ∈ D,
N(Y , Z) is orthogonal to ξ since the distribution D is integrable; hence N(Y , Z) = 0 if and only if g(N(Y , Z),ϕX) = 0 for
any vector ﬁeld X orthogonal to ξ or equivalently, by (4), g((∇Xϕ)Y , Z) = 0.
Now, we consider the tensor ﬁeld h′ = h ◦ ϕ , with h = 12 Lξϕ , which satisﬁes h′(ξ) = 0; moreover, it is symmetric and
anticommutes with ϕ . For any vector ﬁeld X , we have ∇Xξ = −ϕ2X + h′X and h′ vanishes if and only if ∇ξ = −ϕ2.
We denote by [λ] the distribution of the eigenvectors of h′ orthogonal to ξ , with eigenvalue λ. Note that if X ∈ [λ] then
ϕX ∈ [−λ], and thus λ and −λ have the same multiplicity. Moreover, if X ∈ [λ] then X + ϕX is an eigenvector of h with
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eigenvalue λ, the distribution [λ]⊕ [−λ] coincides with the distribution of the eigenvectors of h with eigenvalues λ and −λ.
It is proved in [10] that the integral submanifolds of D are totally umbilical submanifolds of M2n+1 if and only if h = 0,
which is equivalent to the vanishing of h′ . In this case the manifold is locally a warped product M ′ × f N2n , where N2n is
an almost Kähler manifold, M ′ is an open interval with coordinate t , and f = cet for some positive constant c (see [6]). If,
in addition, the integral submanifolds of D are Kähler, then M2n+1 is a Kenmotsu manifold. It follows that a 3-dimensional
almost Kenmotsu manifold such that h′ = 0 is a Kenmotsu manifold.
If the almost Kenmotsu manifold M2n+1 is supposed to be locally symmetric, then the vanishing of h′ characterizes
normality condition and in this case the Kenmotsu manifold has constant sectional curvature k = −1. As regards locally
symmetric almost Kenmotsu manifolds with h′ = 0, the operator h′ admits the eigenvalues +1 and −1. If, moreover, the
Riemannian curvature satisﬁes
RXY ξ = 0 for any X, Y ∈ D, (5)
then the spectrum of h′ is {0,1,−1}, with 0 as simple eigenvalue. The distributions [ξ ]⊕ [+1] and [−1] are integrable with
totally geodesic leaves and the Riemannian curvature is completely determined, so that M2n+1 is locally isometric to the
Riemannian product of an (n + 1)-dimensional manifold of constant curvature −4 and a ﬂat n-dimensional manifold. For
the results on locally symmetric almost Kenmotsu manifolds we refer to [6].
Independently of the hypothesis of local symmetry, it is of some interest considering almost Kenmotsu manifolds for
which the Riemannian curvature satisﬁes condition (5). In [7] the authors study almost Kenmotsu manifolds such that the
characteristic vector ﬁeld ξ belongs to the (κ,μ)′-nullity distribution, that is condition (2) holds. It is proved that κ −1.
If κ = −1, then h′ = 0 and the manifold is locally a warped product of an almost Kähler manifold and an open interval.
If κ < −1, then μ = −2 and the spectrum of h′ is {0, λ,−λ}, with 0 as simple eigenvalue and λ = √−1− κ . In this case,
the integral submanifolds of D are Kähler manifolds; the distributions [λ] and [−λ] are integrable with totally umbilical
leaves and the distributions [ξ ] ⊕ [λ] and [ξ ] ⊕ [−λ] are integrable with totally geodesic leaves. The Riemannian curvature
is completely determined; in particular the leaves of the distribution [ξ ] ⊕ [λ] are locally isometric to the hyperbolic space
H
n+1(κ −2λ) of constant curvature κ −2λ < −1, and the leaves of [ξ ]⊕[−λ] are locally isometric to the space Bn+1(κ +2λ)
of constant curvature κ + 2λ 0. Therefore, the following classiﬁcation theorem holds [7]:
Theorem 1. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ = 0 and ξ belongs to the (κ,−2)′-nullity distribu-
tion. Then, M2n+1 is locally isometric to the warped product Hn+1(κ − 2λ) × f Rn or Bn+1(κ + 2λ) × f ′ Rn, where f = ce(1−λ)t and
f ′ = c′e(1+λ)t , with c, c′ positive constants.
Now, we recall some formulas which will be used in the following [7]. The Riemannian curvature of an almost Kenmotsu
manifold (M2n+1,ϕ, ξ,η, g) satisﬁes:
RXY ξ = η(X)(Y + h′Y ) − η(Y )(X + h′X) + (∇Xh′)Y − (∇Y h′)X, (6)
which implies that, for any X orthogonal to ξ ,
RXξ ξ = −X − 2h′X − h′2X − (∇ξh′)X . (7)
Finally, for all vector ﬁelds X, Y and Z , the Riemannian curvature of an almost Kenmotsu manifold satisﬁes
g(Rξ X Y , Z) − g(Rξ XϕY ,ϕ Z) + g(RξϕX Y ,ϕ Z) + g(RξϕXϕY , Z)
= 2(∇ϕh′ XΦ)(Y , Z) + 2η(Y )g(Z , X + h′X) − 2η(Z)g(Y , X + h′X). (8)
In the following we always assume h′ = 0 at every point of the considered manifold. We remark that, since h′ is sym-
metric, ∇Xh′ is symmetric for any vector ﬁeld X .
2. Almost Kenmotsu manifolds with η-parallel h′
Proposition 1. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel. Then, for any X, Y ∈ X(M2n+1),
(∇Xh′)Y = −g
(
Y ,h′X + h′2X)ξ − η(Y )(h′X + h′2X)+ η(X)(∇ξh′)Y . (9)
Proof. Let us consider X, Y ∈ D. Since h′ is η-parallel, then g((∇Xh′)Y , Z) = 0 for any Z ∈ D. On the other hand, since ∇Xh′
is self-adjoint,
g
(
(∇Xh′)Y , ξ
)= g(Y , (∇Xh′)ξ)= −g(Y ,h′(∇Xξ))= −g(Y ,h′X + h′2X),
where we applied h′(ξ) = 0 and ∇Xξ = X + h′X . It follows that
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(
Y ,h′X + h′2X)ξ. (10)
Now, if X, Y are vector ﬁelds on M2n+1, then X − η(X)ξ and Y − η(Y )ξ are orthogonal to ξ and applying (10), we have
(∇X−η(X)ξh′)
(
Y − η(Y )ξ)= −g(Y − η(Y )ξ,h′(X − η(X)ξ)+ h′2(X − η(X)ξ))
= −g(Y ,h′X + h′2X)ξ.
On the other hand, since (∇ξh′)ξ = 0 and (∇Xh′)ξ = −h′X − h′2X ,
(∇X−η(X)ξh′)
(
Y − η(Y )ξ)= (∇Xh′)Y + η(Y )(h′X + h′2X)− η(X)(∇ξh′)Y
and the assertion follows. 
Proposition 2. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel. Then the Riemannian curvature
satisﬁes R XY ξ = 0 for any X, Y ∈ D.
Proof. Applying (6), we have g(RXY ξ, Z) = g((∇Xh′)Y − (∇Y h′)X, Z) = 0 for any Z ∈ D. Moreover, g(RXY ξ, ξ) = 0 and the
assertion follows. 
Proposition 3. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel. Then the eigenvalues of h′ are
constant along D. If in addition ∇ξh′ = 0, then the eigenvalues are constant on M2n+1 .
Proof. Let λ be an eigenfunction of h′ and let X be a local unit vector ﬁeld orthogonal to ξ such that h′X = λX . Since h′ is
η-parallel, for any Y ∈ D, we have
0 = g((∇Y h′)X, X)= Y (λ)g(X, X) + λg(∇Y X, X) − λg(∇Y X, X) = Y (λ).
Analogously, one proves that if ∇ξh′ = 0, then ξ(λ) = 0 for any eigenfunction λ. 
Proposition 4. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel. If 0 is a simple eigenvalue of h′ , then
the structure is CR-integrable.
Proof. Let us consider X, Y , Z ∈ D. From Proposition 2 it follows that g(Rξ X Y , Z) = g(RY Z ξ, X) = 0. Now, applying (8), we
have (∇ϕh′ XΦ)(Y , Z) = 0. If X is an eigenvector of h′ with eigenvalue λ = 0, then ϕX ∈ [−λ] and we get (∇XΦ)(Y , Z) = 0,
or equivalently g((∇Xϕ)Y , Z) = 0. 
Proposition 5. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel. Then,
i) for any X, Y ∈ [λ], ∇X Y ∈ [λ] ⊕ [ξ ] and the distribution [λ] is integrable with totally umbilical leaves;
ii) if ∇ξh′ = 0 then the distribution [λ] ⊕ [ξ ] is integrable with totally geodesic leaves;
iii) for any X ∈ [λ] and Y ∈ [μ], λ = μ, ∇X Y ∈ [μ] and the distribution [λ] ⊕ [μ] is integrable;
iv) if ∇ξh′ = 0 then, for any distinct eigenvalues λi1 , . . . , λis of h′ , the distribution [ξ ] ⊕ [λi1 ] ⊕ · · · ⊕ [λis ] is integrable with totally
geodesic leaves.
Proof. We prove that for any X ∈ D and for any Y ∈ [λ], ∇X Y ∈ [λ] ⊕ [ξ ]. Indeed, let us consider Z ∈ [μ], with μ = λ. Since
h′ is η-parallel, we have
0 = g((∇Xh′)Y , Z)= g(∇X (h′Y ), Z)− g(h′(∇X Y ), Z)= (λ − μ)g(∇X Y , Z).
This implies that ∇X Y is orthogonal to the distribution [μ] for any μ = λ and thus ∇X Y ∈ [λ] ⊕ [ξ ]. Now, we compute
g(∇X Y , ξ) = −g(Y ,∇Xξ) = −g(Y , X + h′X) = −(1+ λ)g(X, Y ), (11)
which implies that the distribution [λ] is integrable. Let Mλ be an integral submanifold of [λ] and {e1, . . . , ek} a local
orthonormal frame of Mλ , where k is the multiplicity of λ. The second fundamental form α satisﬁes α(ei, e j) = −(1+λ)δi jξ .
The mean curvature vector ﬁeld is H = 1k tr(α) = −(1 + λ)ξ . Then, for any X, Y ∈ [λ], we have α(X, Y ) = g(∇X Y , ξ)ξ =−(1+ λ)g(X, Y )ξ = g(X, Y )H , and the distribution [λ] is totally umbilical.
Now, if ∇ξh′ = 0 then, by Proposition 3, the eigenvalues are constant along ξ . For any X ∈ [λ] we have h′(∇ξ X) =
∇ξ (h′X) = λ∇ξ X and thus ∇ξ X ∈ [λ]. On the other hand, ∇Xξ = X + h′X = (1+ λ)X . Using also i), we have that [λ] ⊕ [ξ ] is
integrable with totally geodesic leaves.
In order to prove iii), let us consider X ∈ [λ] and Y ∈ [μ], with λ = μ. Then ∇X Y ∈ [μ] ⊕ [ξ ] and applying (11),
g(∇X Y , ξ) = −(1 + μ)g(X, Y ) = 0, so that ∇X Y ∈ [μ]. Moreover, [X, Y ] = ∇X Y − ∇Y X ∈ [λ] ⊕ [μ], and [λ] ⊕ [μ] turns
out to be integrable since the distributions [λ] and [μ] are integrable.
Finally, iv) follows from ii) and iii). 
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of h′ with λ = μ. Then,
i) the sectional curvature satisﬁes K (X, Y ) = −(1+ λ)(1+ μ);
ii) if ∇ξh′ = 0, then Rξ X Y = 0.
Proof. Let X ∈ [λ], Y ∈ [μ] with λ = μ and ‖X‖ = ‖Y‖ = 1. Considering the Riemannian curvature RXY Y = ∇X∇Y Y −
∇Y∇X Y − ∇[X,Y ]Y , i) and iii) of Proposition 5 imply that ∇Y∇X Y and ∇[X,Y ]Y belong to the distribution [μ] ⊕ [ξ ]. Hence,
since ∇X X ∈ [λ] ⊕ [ξ ] and ∇Y Y ∈ [μ] ⊕ [ξ ], applying (11), we have
K (X, Y ) = g(∇X∇Y Y , X) = −g(∇X X, ξ)g(∇Y Y , ξ) = −(1+ λ)(1+ μ).
Now, let us consider Z ∈ D. Applying Proposition 2, we have g(Rξ X Y , Z) = g(RY Z ξ, X) = 0. If ∇ξh′ = 0, the distribution
[λ] ⊕ [ξ ] is totally geodesic and thus g(Rξ X Y , ξ) = −g(Rξ Xξ, Y ) = 0. Hence, Rξ X Y = 0. 
Now, we discuss some properties of the integral submanifolds of the distribution D. We denote by M˜ an integral
submanifold of D and by ∇˜ the Levi-Civita connection on M˜ . The second fundamental form is α(X, Y ) = g(∇X Y , ξ)ξ =
−g(Y , X + h′X)ξ for any vector ﬁelds X and Y tangent to M˜ . Hence, the Gauss formula is
∇˜X Y = ∇X Y + g(Y , X + h′X)ξ. (12)
Theorem 2. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel. Let {0, λ1,−λ1, . . . , λr,−λr} be the
spectrum of h′ , with λi = 0. Then an integral submanifold M˜ of D is locally the Riemannian product
M0 × Mλ1 × M−λ1 × · · · × Mλr × M−λr , (13)
where M0 , Mλi and M−λi are integral submanifolds of [0], [λi] and [−λi] respectively. Moreover, M0 is an almost Kähler manifold
and, for each i ∈ {1, . . . , r}, Mλi × M−λi is a bi-Lagrangian Kähler manifold. Denoting by 2m0 + 1 the multiplicity of 0, if m0 > 0 then
M2n+1 is CR-integrable if and only if M0 is a Kähler manifold.
Proof. Let λ be an eigenvalue of h′ . By i) of Proposition 5, the distribution [λ] is integrable. We prove that its leaves are
totally geodesic in M˜ . Indeed, let us consider X, Y ∈ [λ] and a vector ﬁeld Z tangent to M˜ and orthogonal to [λ]. Then, using
(12), we have g(∇˜X Y , Z) = g(∇X Y , Z) + η(Z)g(Y , X + h′X) = 0, since, by i) of Proposition 5, ∇X Y ∈ [λ] ⊕ [ξ ]. Considering
the spectrum of h′ , since the distributions [0], [λi] and [−λi] are integrable with totally geodesic leaves, M˜ is locally the
Riemannian product (13).
Now, M0 and all the submanifolds Mλi ×M−λi are invariant with respect to ϕ and the restrictions of ϕ to them determine
almost complex structures. Obviously, M0 is an almost Kähler manifold. We prove that the almost complex structure deﬁned
on Mλi × M−λi is integrable. As in the proof of Proposition 4, the η-parallel condition on h′ implies that g((∇Xϕ)Y , Z) = 0
for any vector ﬁelds X, Y , Z tangent to Mλi ×M−λi . Now, using (12), we get (∇˜Xϕ)Y = (∇Xϕ)Y + g(ϕY , X+h′X)ξ . Therefore,
(∇˜XΦ)(Y , Z) = −g((∇˜Xϕ)Y , Z) = −g((∇Xϕ)Y , Z) = 0 and the structure is Kähler. Moreover, the distributions [λi] and [−λi]
determine a bi-Lagrangian structure on Mλi × M−λi . Finally, M2n+1 is CR-integrable if and only if M˜ is a Kähler manifold,
which is equivalent to require M0 to be Kähler. 
Since a 2-dimensional almost Kähler manifold is a Kähler manifold, we have:
Corollary 2. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold with η-parallel h′ . If the eigenvalue 0 of h′ has multiplicity 3,
then the structure is CR-integrable.
3. Almost Kenmotsu manifolds with η-parallel h′ and ∇ξh′ = 0
In this section we study almost Kenmotsu manifolds with η-parallel h′ and such that ∇ξh′ = 0. We remark that we
cannot assume ∇h′ = 0, since it implies h′ = 0. Indeed, taking an eigenvector X of h′ with eigenvalue λ, we have
(∇Xh′)ξ = −h′(∇Xξ) = −h′X − h′2X = −
(
λ + λ2)X,
and ∇h′ = 0 implies λ + λ2 = 0. Then λ = 0, since −λ is also an eigenvalue of h′ .
Proposition 6. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel and ∇ξh′ = 0. Let us suppose that
the spectrum of h′ is {0, λ,−λ}, with 0 as simple eigenvalue and λ a positive real number. Then ξ belongs to the (κ,−2)′-nullity
distribution, with κ = −(1+ λ2).
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(∇Xh′)Y − (∇Y h′)X = −η(Y )
(
h′X + h′2X)+ η(X)(h′Y + h′2Y ).
Substituting in (6), we get RXY ξ = η(X)(Y + 2h′Y + h′2Y ) − η(Y )(X + 2h′X + h′2X). Note that h′2 = λ2(I − η ⊗ ξ). Indeed,
h′2(ξ) = 0; if X is orthogonal to ξ , then X = Xλ + X−λ with Xλ ∈ [λ] and X−λ ∈ [−λ], and we get h′2X = λ2X . Therefore,
RXY ξ = η(X)
(
Y + 2h′Y + λ2Y − η(Y )ξ)− η(Y )(X + 2h′X + λ2X − η(X)ξ)
= −(1+ λ2)(η(Y )X − η(X)Y )− 2(η(Y )h′X − η(X)h′Y ),
and the assertion follows. 
Proposition 7. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel and ∇ξh′ = 0. Let us suppose n > 1
and let λ 0 be an eigenvalue of h′ . Then the distribution [ξ ] ⊕ [λ] ⊕ [−λ] is integrable with totally geodesic leaves which are almost
Kenmotsu manifolds.
i) If λ = 0 the distribution reduces to [ξ ] ⊕ [0] and the leaves are local warped products M ′ × f M0 of an open interval M ′ and an
almost Kähler manifold M0 , with f = cet , c > 0. If the multiplicity of the eigenvalue 0 is 3, then M0 is Kähler and M ′ × f M0 is a
Kenmotsu manifold.
ii) If λ > 0 then the leaves of [ξ ] ⊕ [λ] ⊕ [−λ] are almost Kenmotsu manifolds with characteristic vector ﬁeld belonging to the
(κ,−2)′-nullity distribution, κ = −(1+ λ2). Hence, they are locally isometric to the warped products
H
m+1(κ − 2λ) × f Rm, Bm+1(κ + 2λ) × f ′ Rm,
wherem is the multiplicity of λ,Hm+1(κ −2λ) is the hyperbolic space of constant curvature κ −2λ < −1, which is tangent to the
distribution [ξ ] ⊕ [λ], Bm+1(κ + 2λ) is a space of constant curvature κ + 2λ 0, tangent to [ξ ] ⊕ [−λ]. The warping functions
are f = ce(1−λ)t and f ′ = c′e(1+λ)t , with c, c′ positive constants.
Proof. The distribution [ξ ] ⊕ [λ] ⊕ [−λ] is integrable with totally geodesic leaves because of ii) and iii) of Proposition 5.
On each integral submanifold of this distribution one can consider the almost Kenmotsu structure (ϕ¯, ξ¯ , η¯, g¯) induced by
the structure deﬁned on M2n+1. If λ = 0 then h¯′ = 0. Hence, if 2m + 1 is the multiplicity of the eigenvalue 0, each integral
submanifold of the distribution [ξ ] ⊕ [0] is a local warped product M ′ × f M0 of an open interval M ′ and an almost Kähler
manifold M0 of dimension 2m, with f = cet , c > 0. If m = 1, then M0 is a Kähler manifold and the 3-dimensional almost
Kenmotsu manifold M ′ × f M0 is normal.
If λ > 0 then the spectrum of h¯′ is {0, λ,−λ} and ∇¯ξ¯ h¯′ = 0, where ∇¯ is the Levi-Civita connection of g¯ . Then we apply
Proposition 6 and Theorem 1. 
Proposition 8. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel and ∇ξh′ = 0. Let {0, λ1,−λ1, . . . ,
λr,−λr} be the spectrum of h′ , with λi > 0 of multiplicity mi . Then,
i) Ric(ξ, ξ) = −2∑ri=0mi(1+ λ2i ), where λ0 = 0 and 2m0 + 1 is the multiplicity of the eigenvalue 0;
ii) for any i ∈ {1, . . . , r} and for any unit eigenvector Xi ∈ [λi], Ric(Xi, Xi) = −2n(1+ λi) and Ric(ϕXi,ϕXi) = −2n(1− λi);
iii) if 0 is a simple eigenvalue of h′ , then M2n+1 has constant negative scalar curvature S = −2∑ri=1mi(1+ λ2i ) − 4n2 .
Proof. Let us consider Xi ∈ [λi], i ∈ {0, . . . , r}. From (7) it follows that K (Xi, ξ) = −(1 + λi)2 and K (ϕXi, ξ) = −(1 − λi)2.
Hence, taking a local orthonormal frame of eigenvectors of h′ , we have
Ric(ξ, ξ) =
r∑
i=0
mi
(
K (Xi, ξ) + K (ϕXi, ξ)
)= −2
r∑
i=0
mi
(
1+ λ2i
)
.
Now, let us consider a unit eigenvector Xi ∈ [λi], i ∈ {1, . . . , r}. For any j ∈ {0,1, . . . , r}, j = i, let X j be an eigenvector
with eigenvalue λ j . From i) of Corollary 1, K (Xi, X j) = −(1+ λi)(1+ λ j) and K (Xi,ϕX j) = −(1+ λi)(1− λ j). Moreover, we
also get K (Xi,ϕXi) = −(1−λ2i ). In the case that mi > 1, the computation of the Ricci tensor also involves sectional curvature
of type K (Xi, X ′i) where X
′
i is an eigenvector with eigenvalue λi , orthogonal to Xi . By ii) of Proposition 7, we know that the
leaves of the distribution [ξ ] ⊕ [λi] have constant sectional curvature −(1 + λi)2. Hence, taking a local orthonormal frame
of eigenvectors of h′ and computing the Ricci tensor, we have
Ric(Xi, Xi) = K (Xi, ξ) + (mi − 1)K (Xi, X ′i) +miK (Xi,ϕXi) +
r∑
mj
(
K (Xi, X j) + K (Xi,ϕX j)
)
j=0 j =i
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[
(1+ λi)2 +
(
1− λ2i
)]− 2(1+ λi)
r∑
j=0 j =i
m j
= −2mi(1+ λi) − 2(n −mi)(1+ λi) = −2n(1+ λi).
Analogously, Ric(ϕXi,ϕXi) = −2n(1− λi).
Finally, if 0 is a simple eigenvalue of h′ , the scalar curvature is
S = Ric(ξ, ξ) +
r∑
i=1
mi
(
Ric(Xi, Xi) + Ric(ϕXi,ϕXi)
)= −2
r∑
i=1
mi
(
1+ λ2i
)− 4n2. 
Theorem 3. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel and ∇ξh′ = 0. Let {0, λ1,−λ1, . . . , λr,
−λr} be the spectrum of h′ , with λi > 0 of multiplicity mi . Let 2m0 + 1 be the multiplicity of the eigenvalue 0. Then M2n+1 is locally
the warped product
M ′ × f0 M0 × f1 Mλ1 ×g1 M−λ1 × f2 · · · × fr Mλr ×gr M−λr ,
where M ′ is an open interval, M0 is an almost Kähler manifold of dimension 2m0 , Mλi and M−λi are ﬂat Riemannian manifolds of
dimension mi , f0 = cet , f i = cie(1+λi)t and gi = c′ie(1−λi)t , with c, ci and c′i positive constants.
Proof. Let us consider an eigenvalue λ = 0 of h′ . By i) of Proposition 5, the distribution [λ] is integrable with totally
umbilical leaves. From iv) of the same proposition it follows that the orthogonal distribution [λ]⊥ is integrable with totally
geodesic leaves. Then M2n+1 is locally a warped product B× fλ F such that T B = [λ]⊥ and T F = [λ] [8]. We denote by gB and
gˆ the Riemannian metrics on B and F respectively, such that the warped metric is given by gB + f 2λ gˆ . Then, the projection
π : B × fλ F → B is a Riemannian submersion with horizontal distribution H = [λ]⊥ and vertical distribution V = [λ]. From
Proposition 5 we know that the mean curvature vector ﬁeld for the immersed submanifold (F , gˆ) is H = −(1 + λ)ξ . Such
vector ﬁeld is π -related to − 1fλ gradgB fλ ([1], 9.104) and thus, (1 + λ) fλξ = gradgB fλ . If mλ is the multiplicity of λ, we
choose local coordinates {t, x1, . . . , x2n−mλ } on B such that ξ = ∂
∂t and the vector ﬁelds
∂
∂xi
, i ∈ {1, . . . ,2n −mλ}, span the
orthogonal distribution to ξ in [λ]⊥ . Hence, we get fλ = cλe(1+λ)t , cλ > 0. We prove that the ﬁbers of the warped product
are ﬂat Riemannian spaces. Denote by Rˆ the Riemannian curvature of (F , gˆ); applying Proposition 7.42 in [13], for any
U , V ,W ∈ [λ], we have
RˆU V W = RUV W − ‖grad fλ‖
2
f 2λ
(
g(U ,W )V − g(V ,W )U).
We notice that ‖grad fλ‖2 = (1 + λ)2 f 2λ . Moreover, since the integrable distribution [ξ ] ⊕ [λ] has totally geodesic leaves of
constant curvature −(1+ λ)2, RUV W = −(1+ λ)2(g(V ,W )U − g(U ,W )V ). Then, RˆU V W = 0.
Now, let us consider T B = [ξ ] ⊕ [−λ] ⊕⊕μ =±λ[μ]. The distribution [ξ ] ⊕⊕μ =±λ[μ] is integrable with totally geodesic
leaves in M2n+1 and [−λ] is integrable with totally umbilical leaves in M2n+1. Since B is a totally geodesic submanifold of
M2n+1, these distributions are respectively totally geodesic and totally umbilical in B and, arguing as above, B is locally a
warped product. In fact this argument can be applied to each distribution [λi] and [−λi], i ∈ {1, . . . , r}, obtaining that M2n+1
is locally the warped product
N × f1 Mλ1 ×g1 M−λ1 × f2 · · · × fr Mλr ×gr M−λr ,
where Mλi and M−λi are ﬂat Riemannian manifolds, f i = cie(1+λi)t and gi = c′ie(1−λi)t , with ci and c′i positive constants.
The manifold N is a totally geodesic submanifold of M2n+1 and it is an integral submanifold of the distribution [ξ ] ⊕ [0].
By Proposition 7, N is a local warped product M ′ × f0 M0 of an open interval M ′ and an almost Kähler manifold M0, with
f0 = cet , c > 0. 
Corollary 3. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ = 0 is η-parallel and ∇ξh′ = 0. Then, M2n+1 is a
(κ,−2)′-space if and only if the spectrum of h′ is {0, λ,−λ}, with 0 simple eigenvalue.
Example 1. We will give now examples of almost Kenmotsu manifolds with η-parallel h′ satisfying ∇ξh′ = 0. Let
{ξ, X1, . . . , Xn, Y1, . . . , Yn} be the standard basis of R2n+1 and let λ1, . . . , λn be nonnegative and not all vanishing real
numbers, not necessarily distinct. Denote by g the Lie algebra obtained deﬁning, for any i, j = 1, . . . ,n,
[ξ, Xi] = −[Xi, ξ ] = −(1+ λi)Xi, [ξ, Yi] = −[Yi, ξ ] = −(1− λi)Yi,
[Xi, X j] = [Xi, Y j] = [Yi, X j] = [Yi, Y j] = 0.
We consider the endomorphism ϕ : g → g and the 1-form η : g → R such that
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for any i = 1, . . . ,n, and denote by g the inner product on g such that the basis {ξ, Xi, Yi} is orthonormal. Let G be a
connected Lie group with Lie algebra g. The vectors ξ , Xi , Yi determine left-invariant vector ﬁelds on G , which we denote
in the same manner. Now, it can be easily seen that the tensors deﬁned on g determine a left invariant almost Kenmotsu
structure (ϕ, ξ,η, g) on G .
We prove that h′ is η-parallel and ∇ξh′ = 0. Let u be the abelian ideal orthogonal to ξ and let L : u → u denote the
linear transformation ad(ξ) acting on u, so that L(Xi) = −(1+ λi)Xi and L(Yi) = −(1− λi)Yi for any i = 1, . . . ,n. The linear
mapping L is self-adjoint and applying Lemma 5.5 in [11], we get ∇ξU = 0 and ∇U V = g(LU , V )ξ for any U , V ∈ u. Hence,
∇Xi X j = −(1+ λi)δi jξ, ∇Yi Y j = −(1− λi)δi jξ, ∇Xi Y j = ∇Y j Xi = 0.
By an easy computation we get h′Xi = λi Xi and h′Yi = −λi Y i . Therefore,
(∇Xi h′)X j = ∇Xi (h′X j) − h′(∇Xi X j) = λ j∇Xi X j = −λ j(1+ λi)δi jξ.
Analogously, (∇Xi h′)Y j = 0 and (∇Yi h′)Y j = −λ j(1 − λi)δi jξ . It follows that for any vector ﬁelds X, Y , Z orthogonal to ξ ,
g((∇Xh′)Y , Z) = 0 and h′ is η-parallel. Moreover, since ∇ξU = 0 for any U ∈ u, then ∇ξh′ = 0.
The almost Kenmotsu structure deﬁned in the above example is CR-integrable. We give now examples of almost Ken-
motsu manifolds with η-parallel h′ which are not CR-integrable. In view of Proposition 4 and Corollary 2, the eigenvalue 0
of h′ will have multiplicity 2m0 + 1, m0 > 1.
Example 2. Let G be the Lie group deﬁned in Example 1, endowed with the almost Kenmotsu structure (ϕ¯, ξ¯ , η¯, g¯), for
which h¯′ is η¯-parallel. Suppose dim(G) = 2m + 1, m 1. Let (M0, J0, g0) be a strictly almost Kähler manifold of dimension
2p > 2. On the product manifold M2n+1 = G × M0, n =m + p, we consider the vector ﬁeld ξ = (ξ¯ ,0) and deﬁne the tensor
ﬁeld ϕ of type (1,1) and the 1-form η such that
ϕ( X¯) = ϕ¯( X¯), ϕ(X0) = J0(X0), η( X¯) = η¯( X¯), η(X0) = 0
for any vector ﬁelds X¯ tangent to G and X0 tangent to M0. We also consider the Riemannian metric g = g¯+ ce2t g0, where c
is a positive real number and ξ = ∂
∂t . Then (ϕ, ξ,η, g) is an almost Kenmotsu structure on M
2n+1 which is not CR-integrable.
We prove that the tensor h′ is η-parallel. We denote by X¯ , Y¯ , Z¯ vector ﬁelds tangent to G and orthogonal to ξ and by X0,
Y0, Z0 vector ﬁelds tangent to M0. Note that h′ X¯ = h¯′ X¯ and h′X0 = 0. Denoting by ∇ and ∇¯ the Levi-Civita connections of
g and g¯ respectively, we have
g
(
(∇ X¯h′)Y¯ , Z¯
)= g¯((∇¯ X¯ h¯′)Y¯ , Z¯
)= 0, g((∇ X¯h′)Y¯ , Z0
)= g((∇¯ X¯ h¯′)Y¯ , Z0
)= 0,
where we considered the facts that G is a totally geodesic submanifold of M2n+1 and h¯′ is η¯-parallel. Since h′ vanishes
on M0, we have g((∇Xh′)Y0, Z0) = 0 for any X ∈ X(M2n+1) and g((∇X0h′)Y0, Z¯) = −g(∇X0Y0,h′ Z¯). Applying the Koszul
formula, we get 2g(∇X0Y0,h′ Z¯) = −(h′ Z¯)(g(X0, Y0)) which vanishes since h′ Z¯ is orthogonal to ξ . Finally, the Koszul formula
also implies that g(∇X0 Y¯ , Z¯) = 0, so that g((∇X0h′)Y¯ , Z¯) = 0.
4. Lightlike structures
We recall that a lightlike manifold is a smooth manifold M endowed with a symmetric tensor ﬁeld g of type (0,2)
such that the distribution Rad(TM) is of constant rank r > 0, where, at each point x ∈ M , Rad(TxM) is the radical subspace
of TxM with respect to gx . A lightlike manifold is a Reinhart lightlike manifold if and only if the distribution Rad(TM) is
integrable and Killing, that is LX g = 0 for any vector ﬁeld X belonging to Rad(TM), or equivalently there exists a torsion-
free linear connection ∇ on M such that g is parallel with respect to ∇ [4].
Proposition 9. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel. Suppose that the eigenvalue 0 of
h′ has multiplicity 2m + 1, 0 < m < n. Let M˜ be an integral submanifold of D endowed with the symmetric tensor g′ deﬁned by
g′(X, Y ) = g(X,h′Y ) for any vector ﬁelds X, Y tangent to M˜. Then (M˜, g′) is a Reinhart lightlike manifold.
Proof. Note that the distribution Rad(T M˜) coincides with the distribution of the eigenvectors of h′ orthogonal to ξ with
eigenvalue 0. Indeed, by the deﬁnition of g′ , g′(X, Y ) = 0 for any Y ∈ X(M˜) if and only if h′X = 0. Now, we prove that g′ is
parallel with respect to the Levi-Civita connection ∇˜ of the Riemannian metric g induced on M˜ by the Riemannian metric
of M2n+1. For any vector ﬁelds X, Y , Z tangent to M˜ , applying the Gauss formula (12), we have
(∇˜X g′)(Y , Z) = X
(
g(Y ,h′ Z)
)− g(∇X Y ,h′ Z) − g(Y ,h′(∇X Z))= g(Y , (∇Xh′)Z)= 0
since h′ is η-parallel. Hence, (M˜, g′) is a Reinhart lightlike manifold. 
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g(X,h′Y ) for any vector ﬁelds X, Y . The distribution Rad(TM2n+1) coincides with [ξ ] ⊕ [0]. Supposing ∇ξh′ = 0, by ii) of
Proposition 5, this distribution is integrable and thus, (M2n+1, g′) is a lightlike manifold. However, it is not Reinhart. Indeed,
applying ∇ξh′ = 0, for any vector ﬁelds Y , Z , we have
(Lξ g′)(Y , Z) = ξ
(
g(Y ,h′ Z)
)− g([ξ, Y ],h′ Z)− g(Y ,h′[ξ, Z ])
= g(Y ,∇ξ (h′ Z))+ g(∇Y ξ,h′ Z) − g(Y ,h′(∇ξ Z))+ g(Y ,h′(∇Z ξ))
= g(Y − η(Y )ξ + h′Y ,h′ Z)+ g(Y ,h′(Z − η(Z)ξ + h′ Z))
= 2g(Y ,h′ Z + h′2 Z).
Hence, for any unit eigenvector Y with eigenvalue λ > 0, we get (Lξ g′)(Y , Y ) = 2(λ + λ2) = 0. In the following proposition
we consider a modiﬁed symmetric tensor on M2n+1.
Proposition 10. Let (M2n+1,ϕ, ξ,η, g) be an almost Kenmotsu manifold such that h′ is η-parallel and ∇ξh′ = 0. Suppose that the
eigenvalue 0 of h′ has multiplicity 2m + 1, 0 < m < n. Let G ′ be the symmetric tensor deﬁned by G ′(ξ, ξ) = 1, G ′(ξ, X) = 0 and
G ′(X, Y ) = g(X,h′Y ) for any X, Y ∈ D. Then (M2n+1,G ′) is a Reinhart lightlike manifold.
Proof. The distribution Rad(TM2n+1) is integrable, since it coincides with [0]. We prove that LXG ′ = 0 for any X ∈ [0]. For
any Y , Z ∈ D, since D is an integrable distribution, using the η-parallelism of h′ , we have
(LXG ′)(Y , Z) = X
(
g(Y ,h′ Z)
)− g([X, Y ],h′ Z)− g(Y ,h′[X, Z ])
= g(Y ,∇X (h′ Z))+ g(∇Y X,h′ Z) − g(Y ,h′(∇X Z))+ g(Y ,h′(∇Z X))
= g(∇Y (h′X), Z)+ g(Y ,∇Z (h′X))= 0.
Note that [X, ξ ] ∈ [0], since [X, ξ ] ∈ D and, by ii) of Proposition 5, the distribution [ξ ] ⊕ [0] is integrable. Then
(LXG ′)(Y , ξ) = X
(
G ′(Y , ξ)
)− G ′([X, Y ], ξ)− G ′(Y , [X, ξ ])= −g(Y ,h′[X, ξ ])= 0.
Finally, (LXG ′)(ξ, ξ) = −2G ′([X, ξ ], ξ) = 0. 
In the above proposition the tensor G ′ is not parallel with respect to the Levi-Civita connection of M2n+1. Indeed, for
any X, Y ∈ D, we have
(∇XG ′)(Y , ξ) = −g(∇X Y , ξ) − g
(
Y ,h′X + h′2X)= g(Y , X − h′2X). (14)
We prove that G ′ is parallel with respect to the linear connection ∇¯ = ∇ + H , where
H(X, Y ) = g(X, Y − h′2Y )ξ − η(X)η(Y )ξ (15)
for any vector ﬁelds X, Y . Note that this connection is torsion-free since H is symmetric. For any vector ﬁelds X, Y , Z , one
has
(∇¯XG ′)(Y , Z) = (∇XG ′)(Y , Z) − G ′
(
H(X, Y ), Z
)− G ′(Y , H(X, Z)). (16)
Now, taking X, Y , Z ∈ D, we obtain (∇XG ′)(Y , Z) = g(Y , (∇Xh′)Z) = 0, and using (15) and (16), (∇¯XG ′)(Y , Z) = 0. Sim-
ilarly, (∇ξG ′)(Y , Z) = g(Y , (∇ξh′)Z) = 0 and thus (∇¯ξG ′)(Y , Z) = 0, since H(ξ, Y ) = H(ξ, Z) = 0. From (14) and since
G ′(H(X, Y ), ξ) + G ′(Y , H(X, ξ)) = g(X, Y − h′2Y ), we get (∇¯XG ′)(Y , ξ) = 0. Finally, one easily proves that all the covari-
ant derivatives (∇¯ξG ′)(Y , ξ), (∇¯XG ′)(ξ, ξ) and (∇¯ξG ′)(ξ, ξ) vanish so that G ′ is parallel with respect to ∇¯ .
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